In this article, some new representations of the Riemann zeta function and their associated zeros are explored for sufficiently large n.
Introduction
The importance of Riemann zeta function is trivial to anybody who runs into it while working out with certain subjects such as number theory, complex analysis, etc. Notes on the Riemann zeta function and its applications, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . In [7] , the Riemann zeta function ζ(z) is defined by
The series (1) is convergent and analytic function for Re(z) > 1. If z = s > 1 is real number then Riemann zeta function is represented and studied by Euler as
where p runs through all prime numbers. There are several other representations
One may extend analytic region of Riemann zeta function from Re(z) > 1 to Re(z) > 0.
For more classical representations of the Riemann zeta function, see [1, 2] . Here, we are aiming to present some new representations that may attract to interested readers.
Here, R n (z) goes to zero for sufficiently large n. Indeed, if Re(z) = σ > 1 then
So, |R n (z)| → 0 for n → ∞. After arranging (4), one obtains nth approximation as
One may rewrite (5) as series
It is well known that the above identity has a very important role in Riemann zeta function. So one also rewrites (6) by using (7) as
where
So one formally has the following theorems. (1) hold. Then the following are equivalent.
i. (5) is true.
ii. (8) is true. (5) has the following series representation.
Here, B 1+n is (1 + n) th Bernoulli numbers [11] and r is defined as above. One may study zeros of partial sums (9) similar to [14] [15] [16] .
From (5) and (8), one gets the following approximation where m is a positive integer.
coth (m log r) .
The values ζ(2m) are well known due to Euler [12] where m is an integral.
The values ζ(2m + 1) are not known yet except ζ(3) [13] however some representations of ζ(2m + 1) are given in terms of special functions.
One may want to know the zeros of the nth approximations obtained above. We may at least reach this goal by using the program in [18] . By using "solve" command, one obtains the followings.
There are not any solutions. It is also easy to see that without using any program since it is monotonically decreasing.
There are two complex solutions x ≈ −5.30989 × 10 −17 ± 3.50671i . . .
+
There are two complex solutions x ≈ 0.445959 ± 2.81436i . . .
There are two complex solutions x ≈ 0.631214 ± 2.54663i . . . . By applying the same argument as in (3). One rewrites (2) for sufficiently large n as So by applying geometric series to (13) as before one obtains
As before, |R n (z)| → 0 as n → ∞. One rewrites nth appriximation to (14) as
Once again by using (7), one obtains the following representation to Riemann zeta function for sufficiently large n as
, if n is even
So once again one formally has the following theorems. ii. (16) is true.
Remark 1. Similar corollaries may be derived related ζ(m), ζ(2m) and ζ(2m+ 1) as stated in Corollary 1, 2 and 3.
These nth approximations gives the following numerical results.
There are infinitely many complex solutions x = 1 + 2iπn log 2 where n is an integer numbers. It is easy to obtain these roots by solving it directly. 2 x−1 = 1. From here, by using log z where z is a complex number. One gets, x = 1 + 
Conclusion
To the best of author's knowledge this approach applied to Riemann zeta function is not reported in the existing literature yet. The author thinks that Theorem 1 and 3 are good approximations to Riemann zeta function for sufficiently large n. Part of this article is presented as a talk in [17] . It would be very nice to see more zeros of the nth approximations however the program in [18] does not run any more. After adding more terms, computer runs into word saying "standard computation time exceeded".
